The Heisenberg antiferromagnet: an explicitly rotational invariant
  formulation by da Providencia, J. et al.
ar
X
iv
:c
on
d-
m
at
/0
30
74
61
v1
  [
co
nd
-m
at.
str
-el
]  
18
 Ju
l 2
00
3
The Heisenberg antiferromagnet:
an explicitly rotational invariant formulation
J. da Provideˆncia, C. Provideˆncia, M. Brajczewska,
Departamento de F´ısica, Universidade de Coimbra
3000 Coimbra Portugal
and
J. da Provideˆncia, Jr
Departamento de F´ısica, Universidade da Beira Interior
Covilha˜, Portugal
Abstract
A simple derivation of an explicitly rotation invariant Lagrangian describing the dy-
namics of an antiferromagnetic spin system is presented. The scope of the derived La-
grangian is analysed in the context of schematic models. It is shown that the Lagrangian
describes the behaviour spin systems from the anti-ferromagnetic to the ferromagnetic
regimes.
1. Introduction
The theory of the two-dimensional Heisenberg antiferromagnet has been attracting
much attention over the past several years in connection with the the problem of spin
fluctuations in copper oxides. For a review we refer the reader to the work of Manousakis
[1]. In ref. [2], a Lagrangian for the antiferromagnetic spin system has been proposed
which is explicitly invariant under rotations. Following the ideas of ref. [2], a new and
simpler derivation of such a rotationally invariant Lagrangian is presented. Ideal systems
made up of a small number of spins (two and four) are investigated in the framework of
the derived Lagrangian. It is shown that the Lagrangian describes the behaviour these
spin clusters from the anti-ferromagnetic to the ferromagnetic regimes.
2. General formalism
We consider a spin system described by the Heisenberg Hamiltonian
HˆHei =
J
2
∑
l
∑
l′∈〈l〉
Sˆl · Sˆl′ , Sˆl · Sˆl = s(s+ 1), (1)
where Sˆl are spin operators, 〈l〉 stands for the set of the nearest neighbors of the site l, the
index l runs over the sites of a two-dimensional square lattice, J > 0 is the exchange con-
stant corresponding to the anti-ferromagnetic (AF) spin interaction, and s is the magnitude
of spin. In the study of spin systems, it is convenient to exploit the representation of the
grand partition function (GPF) or the generating functional of the spin Green functions in
the form of functional integrals over spin coherent states |z〉 due to Klauder [3,4] or over
spin coherent states parametrized by a unit vector n, n2 = 1, proposed by Manousakis
[1]. These approaches are equivalent. Here, we follow mostly the second alternative on
account of the simplicity of the corresponding measure of integration. We have,
Z = Tr
[
exp
(
−βHˆ
)]
, β = 1/T,
Z =
∫ ∞
−∞
· · ·
∫ ∞
−∞
Dµ(n) exp(A(n)), (2)
Dµ(n) =
∏
τl
2s+ 1
2π
δ(n2τl − 1)dnτl
where T is the temperature, τ is the imaginary time, and A(n) is the action of the system.
In the continuum approximation, which is valid in leading order in 1/2s, the expression of
the action A(n) simplifies and reads [3]
A(n) = −
∫ β
0
∑
l
Ltot(τ, l)dτ, Ltot(τ, l) = Lkin(τ, l) +H(τ, l),
Lkin(τ, l) = is(1− cos θτl)φ˙τl, H(τ, l) = Js
2
2
∑
l′∈〈l〉
nτl · nτl′ , (3)
where θ, φ are the Euler angles of the unit vector n = (cosφ sin θ, sinφ sin θ, cos θ), and φ˙τl
is the time derivative of φτl. The kinetic part of the Lagrangian density Lkin is highly
nonlinear and it is not clear how to proceed with it consistently. Essential steps were taken
in this direction in [1,5,6,7] but we believe the issue is not definitely settled yet.
In this paper we use the idea of near AF order. Accordingly, we split our square lattice
into two AF sublattices a and b. In the sublattice a the spins S are normally directed along
some axis Ω, in the sublattice b they are normally directed in the opposite direction. In
this way, we obtain a new square lattice with two spins a and b in the elementary cell
with a volume 2a2, where a is the space distance between neighbouring spins. The axes of
this new lattice are rotated by 45 degrees with respect to the primary axes. We assume
that this AF order is only defined locally and any global AF order is absent. Thus, the
summations over the lattice sites l and l′ can be expressed as summations over l ∈ a and
l′ ∈ b which specifies the space positions of the spins in the sublattices a and b. The
Lagrangian density Lkin is expressed as a sum of two Lagrangian densities, one for the
sublattice a and the other for the sublattice b, involving the vectors na(τ, l) and nb(τ, l
′),
respectively. The Hamiltonian H retains its form when the restrictions l ∈ a and l′ ∈ b
are imposed but the multiplier J/2 must be replaced by J because the double summation
disappears. In this way we have two spins in each AF elementary cell which are defined in
different space positions l and l′. Since we are assuming J > 0, spins in sublattice a tend
to align themselves in the opposite direction to the spins in the sublattice b, for low T .
However, magnetic order is not, in principle, excluded. It would occur for T > 0, if |T | is
small enough, a condition which, physically, cannot be easily implemented.
3. Coherent states
Coherent states may be defined as
|n〉s = eiφSzeiθSye−iφSz |s, s〉, (4)
where |s, s〉 is such that
S+|s, s〉 = 0, Sz|s, s〉 = s|s, s〉. (5)
The overlap between two coherent states reads
s〈n|n′〉s =
(
cos(θ/2) cos(θ′/2) + sin(θ/2) sin(θ′/2)ei(φ−φ
′)
)2s
,
=
(
1 + k · (n+ n′) + n · n′ + ik · (n× n′)
1 + k · (n+ n′) + n · n′ − ik · (n× n′)
)s(
1 + n · n′
2
)s
, (6)
where k is an arbitrary unit vector. This expression lacks manifest rotational invariance
since it involves the unit vector k which defines the quantization direction. In the contin-
uum limit, this leads to the kinetic Lagrangian
Lkin = is
k · (n× n˙)
1 + k · n , (7)
connected with our inforced coherent state dynamics. For a system of two spins, mani-
fest rotational invariance may be implemented. To this end, we start by allowing for a
time dependent quantization direction. We introduce the kets |n′〉′s, |s, s〉′, which are de-
fined analogously to the previously introduced kets |n〉s, |s, s〉, but refer to an arbitrary
quantization direction which need not be fixed in time. More specifically, we write
|n′〉′s = eiφ
′Sz′ eiθ
′Sy′ e−iφ
′Sz′ |s, s〉′
|s, s〉′ = V |s, s〉 = eiαSzeiβSye−iαSz |s, s〉
eiφ
′Sz′ eiθ
′Sy′ e−iφ
′Sz′ = V eiφ
′Szeiθ
′Sye−iφ
′SzV −1
|n′〉′s = V eiφ
′Szeiθ
′Sye−iφ
′Sz |s, s〉. (8)
Notice that Sz′ = V SzV
−1, Sy′ = V SyV
−1, Sz|s, s〉 = s|s, s〉 and Sz′ |s, s〉′ = s|s, s〉′.
In order to compute the overlap we need the relation between |n′〉′s and |s, s〉. The re-
quired Euler angles φ˜, θ˜, ψ˜ characterizing the unitary operator V eiφ
′Szeiθ
′Sye−iφ
′Sz =
eiφ˜Szeiθ˜Sye−i(φ˜−ψ˜)Sz are such that
cos
θ˜
2
ei(ψ˜/2) = cos
θ′
2
cos
β
2
− sin θ
′
2
sin
β
2
ei(α−φ
′)
sin
θ˜
2
ei(φ˜−(ψ˜/2)) = cos
β
2
sin
θ′
2
eiφ
′
+ cos
θ′
2
sin
β
2
eiα.
so that
|n〉s =
√
(2s)!
+s∑
m=−s
(cos θ2 )
s+m(sin θ2e
iφ)s−m√
(s+m)!(s−m)! |s,m〉, (9)
|n′〉′s = eisψ˜
√
(2s)!
+s∑
m=−s
(cos θ˜2 )
s+m(sin θ˜2e
iφ˜)s−m√
(s+m)!(s−m)! |s,m〉, (10)
s〈n|n′〉′s = eisψ˜
(
cos
θ
2
cos
θ˜
2
+ sin
θ
2
sin
θ˜
2
ei(φ˜−φ)
)2s
= eisψ˜
(
1 + k · (n+ n′) + n · n′ + ik · (n× n′)
1 + k · (n+ n′) + n · n′ − ik · (n× n′)
)s (
1 + n · n′
2
)s
, (11)
where eisψ˜ is given by
eiψ˜ =
cos β
2
cos θ
′
2
− sin β
2
sin θ
′
2
ei(α−φ
′)
cos β
2
cos θ
′
2
− sin β
2
sin θ
′
2
e−i(α−φ′)
,
=
1 + k · (k′ + n′) + k′ · n′ + ik · (n′ × k′)
1 + k · (k′ + n′) + k′ · n′ − ik · (n′ × k′) . (12)
In the continuum limit, this leads to the kinetic Lagrangian
Lkin = is
k · (n× n˙)− n · (k× k˙)
1 + k · n . (13)
4. A simple example
In order to illustrate the meaning of eq. (13), it is convenient to consider the real time
classical Lagragian for the unit vector n parallel to the spin S,
L =
k · (n× n˙)
1 + k · n −H(n)− λ((n)
2 − 1) (14)
where λ is a Lagrange multiplier. The equation of motion
n˙ = n× ∂H
∂n
(15)
does not depend on k. If this vector changes with time, the Lagrangian must be modified
accordingly. Then, the Lagrangian becomes
L =
k · (n× n˙)− n · (k× k˙)
1 + k · n −H(n)− λ((n)
2 − 1), (16)
but the equation of motion remains unchanged.
5. System of two interacting spins
We discuss now the system of two interacting spins. We denote by Scj , j = 1, 2, 3,
c = a, b the hermitian generators of su(2), [Sc1, Sc2] = iSc3, etc., with S
2
c1 + S
2
c2 + S
2
c3 =
s(s+ 1). We consider the hamiltonian operator
H = JSa · Sb. (17)
and investigate the collective modes, free energy, etc.
Let St = Sa + Sb. Then st = 0, 1, · · · , 2s is the quantum number characterizing the
magnitude of the total spin and Sa · Sb = 12 (St · St − 2s(s+ 1)). The spectrum is
J
{
0− s(s+ 1), 1
2
2− s(s+ 1), 1
2
6− s(s+ 1), · · · ,
1
2
st(st + 1)− s(s+ 1), · · · , 1
2
2s(2s+ 1)− s(s+ 1)
}
. (18)
The respective multiplicities are
{1, 3, 5, · · · , 2st + 1, · · · , 4s+ 1}. (19)
This is the spectrum of a rigid rotor with moment of inertia I = J−1 whose angular
momentum is constrained to a maximum value 2s.
We follow now a mean-field variational approach. Here, mean-field should be under-
stood as an enforced coherent state dynamics of each individual spin of our 2 spins system,
i.e., it is assumed that each spin is described by a coherent state |z〉 which essentially
depends on time through the parameter z = z(t). Consider
|z1, z2〉 = ez1Sa++z2Sb+ |0〉, Sa−|0〉 = Sb−|0〉 = 0, Sa0|0〉 = Sb0|0〉 = −s|0〉.
Since Sa · Sb = 12 (Sa+Sb− + Sa−Sb+) + Sa0Sb0, we have
〈z1, z2|Sa · Sb|z1, z2〉
〈z1, z2|z1, z2〉 = s
2 2(z
∗
1z2 + z
∗
2z1) + (z
∗
2z2 − 1)(z∗1z1 − 1)
(z∗2z2 + 1)(z
∗
1z1 + 1)
,
so that
−s2 ≤ 〈Sa · Sb〉 ≤ s2.
The lower bound, −s2, is attained for z2 = −1/z∗1 , (anti-parallel spins) while the upper
bound, s2, is attained for z2 = z1 (parallel spins). The mean field-Lagrangian describing
our system of two interacting spins may be written
L = s
k · (na × n˙a)
1 + k · na + s
k · (nb × n˙b)
1 + k · nb − Js
2(na · nb)− λa((na)2 − 1)− λb((nb)2 − 1) (20)
where λa, λb are Lagrange multipliers. Here, rotational invariance is not manifest. The
equations of motion lead to
n˙a = (na × nb)sJ, n˙b = −(na × nb)sJ, (21)
or, with n = nb − na, m = 12(na + nb),
n˙ = 2(m× n)sJ, m˙ = 0. (22)
From these equations it is not apparent that |n˙| is constrained to a maximum value, |n˙| ≤
2s. However, there is no incompatibility between these equations and such a constraint.
Identifying, in Eq. (13), k with −nb and n with na, the previous Lagrangian may be
replaced by
L = −snb · (na × n˙a) + na · (nb × n˙b)
1− na · nb −Js
2(na ·nb)−λa((na)2−1)−λb((nb)2−1). (23)
Here, rotational invariance is manifest. This Lagrangian is of the same form as the one
implied by eq. (8) of ref. [2]. The equations of motion do not change when (22) is replaced
by (23). It is convenient to introduce new variables
na + nb
2
= N,
na − nb
2
= Ω
√
1−N2, (24).
We find
N · (Ω× Ω˙) =−nb · (na × n˙a)− na · (nb × n˙b)
2(1− na · nb) . (25)
In terms of the new variables the Lagrangian becomes
L = 2sN · (Ω× Ω˙)− Js2 (2N2 − 1)− λ(Ω2 − 1)− µ(Ω ·N)
or,
L = sM · Ω˙− Js2
(
1
2
M2 − 1
)
− λ(Ω2 − 1)− µ(Ω ·M), (26)
where
M = 2N×Ω, 0 ≤M ≤ 2. (27)
In terms of the variables M, Ω, the path integral mesure of integration becomes
∏
τ
(2s+ 1)2
8π2
δ(Ω2 − 1)δ(Ω ·M)dΩdM. (28)
We observe that eq.(26) is the classical Lagrangian of a rigid rotor with moment of
inertia I = J−1 whose angular momentum sM is constrained to a maximum value 2s.
The equations of motion may be written
M˙ ·M = 0, Ω˙− sJM = 0, M˙+ sJM2Ω = 0, N˙ = 0, N = 1
2
Ω×M. (29)
The mean field frequencies so obtained are in agreement with the exact quantal results
for the excitation energies in the whole range from the AF (M = 0) to the ferromagnetic
(M = 2) regimes.
Classical partition function
In eq.(26), L is the classical Lagrangian of a rigid rotor with moment of inertia I = J−1
whose angular momentum sM is constrained to a maximum value 2s. The corresponding
classical partition function may be written
Z = s2
∫
0≤p2
θ
+p2
φ
/ sin2 θ≤4
dφdθdpφdpθe
−βJs2[(p2θ+p
2
φ/ sin
2 θ)/2−1]
= s2
∫
0≤p2
θ
+p′2≤4
dφdθdp′ sin θdpθe
−βJs2[(p2θ+p
′2)/2−1]
=
8π2s2
βJs2
(
eβJs
2 − e−βJs2
)
. (30)
The classical free energy, average energy and entropy, are
−βFcl = log 16π2s2 + log sinhβJs
2
βJs2
, (31)
βEcl = 1− βJs2 cothβJs2, (32)
Scl = log 16π
2s2 + 1 + log
sinhβJs2
βJs2
− βJs2 cothβJs2. (33)
These expressions are in good agreement with the corresponding quantal results even for
not very large s. Indeed, if s is not too small, the quantal partition function,
Zq =
2s∑
σ=0
(2σ + 1)e−βJ(
1
2
σ(σ+1)−s(s+1))
is well approximated by the classical partition function (30).
Path integral computation of the partition function
From (26), integration over the field M after returning to complex time, leads to
L = 1
2J
Ω˙2 − λ(Ω2 − 1). (34)
This is the continuum form associated with
Z =
∫ ∏
k
dΩkdλk exp
[
−
∑
k
(
1
2Jǫ
(Ωk −Ωk+1)2 + ǫλ(Ωk2 − 1)− ǫJs2
)]
= K
exp(βJs2)
β
. (35)
This result is valid for β > 0. It involves the approximation of neglecting the constraint
|Ω˙| = Js|M| ≤ 2Js.
Generator Coordinate Method and quantal fluctuations
For
|z〉 = ezS+ |s,−s〉, (36)
where |s,−s〉 is such that S−|s,−s〉 = 0, Sz|s,−s〉 = −s|s,−s〉, we have
〈z|z′〉 = (1 + z′z∗)2s, 〈z|S+|z′〉 = 2sz
∗
1 + z′z∗
(1 + z′z∗)2s,
〈z|S−|z′〉 = 2sz
′
1 + z′z∗
(1 + z′z∗)2s, 〈z|S0|z′〉 = −s1− z
′z∗
1 + z′z∗
(1 + z′z∗)2s. (37)
Having in mind investigating the expectation values of the operator Sa ·Sb, we notice that
〈z|S|z′〉 · 〈−z∗−1|S| − z′∗−1〉
〈z|z′〉〈−z∗−1| − z′∗−1〉 = −s
2 (1 + z
∗z)(1 + z′∗z′) + (z∗ − z′∗)(z − z′)
(1 + z∗z′)(1 + z′∗z)
,
〈z|z′〉〈−z∗−1| − z′∗−1〉 = (1 + z′z∗)2s(1 + 1
z′∗z
)2s. (38)
According to the mean field approximation, the expectation values of the operator Sa · Sb
lie between −s2 (value which is reached in (38) for z = z′) and s2. In order to correct the
lower bound, it is instructive to apply the Generator Coordinate Method to this system.
In the present context, this amounts to diagonalizing the Hamiltonian H in the subspace
spanned by the states |z′〉⊗ |− z′∗−1〉, which are such that the spins of the coherent states
|z′〉 and | − z′∗−1〉 point in opposite directions. To this end, let us assume that z = η and
z′ = η′ are real and the coherent states |η〉, |η′〉, | − η−1〉, | − η′−1〉, are normalized. Then
the overlaps may be approximated by
H(η˜, η˜′) = 〈η| ⊗ 〈−η
−1|H|η′〉 ⊗ | − η′−1〉
〈η| ⊗ 〈−η−1|I|η′〉 ⊗ | − η′−1〉 ≈ −Js
2
(
1 + 2
(η − η′)2
(1 + η¯2)2
)
≈ −Js2 (1 + 2(η˜ − η˜′)2) (39)
N (η˜, η˜′) = 〈η| ⊗ 〈−η−1|I|η′〉 ⊗ | − η′−1〉 ≈ exp
(
−2s (η − η
′)2
(1 + η¯2)2
)
≈ exp (−2s(η˜ − η˜′)2) (40)
where η¯ = (η + η′)/2 and η˜ =
∫
dη/(1 + η2). Minimizing the expectation value of H for a
state of the form
|Ψ〉 =
∫
dη˜′f(η˜′)|η′〉 ⊗ | − η′−1〉 (41)
it is found that the ground state energy is
E0 =
∫
dη˜′H(η˜, η˜′)N (η˜, η˜′)∫
dη˜′N (η˜, η˜′) = −Js
2
(
1 +
1
s
)
. (42)
It is also instructive to apply the Generator Coordinate Method to a linear combination
of states of the form |η〉 ⊗ |η〉, which are such that the spins of both coherent states point
in the same direction. This calculation confirms that the maximum energy eigenvalue is
Js2.
6. Extended system: AF regime
We return to our 2D Heisenberg antiferromagnet. In terms of the variables Ω, M,
defined for each antiferromagnet cell, the Lagrangian density (per AF elementary cell)
reads
LΩM = Lkin +H, Lkin = isΩ˙ ·M, H = Js2
∑
l′∈〈l〉
Hll′ ,
Hll′ = −(Ω ·Ω′)
√
1− 1
4
M2
√
1− 1
4
M ′2 +
1
4
(Ω ·Ω′)(M ·M′)− 1
4
(M′ ·Ω)(M ·Ω′)
+
1
2
(Ω×Ω′) ·
(
M′
√
1− 1
4
M2 +M
√
1− 1
4
M ′2
)
, (43)
where Ω = Ωτl, Ω
′ = Ωτl′ , M = Mτl, M
′ = Mτl′ . Here, calligraphic symbols are
used in order to stress that the Lagrangian and Hamiltonian densities, respectively L
and H, refer to a specific AF elementary cell l.The quantity 1 − (Ω · Ω′) = 12 (Ω − Ω′)2
is quadratic in |Ω − Ω′|. Moreover, in the quadratic order in |Ω − Ω′| and M , we have
(M′ ·Ω)(M·Ω′) ≈ 0, (Ω×Ω′)·
(
M′
√
1− 1
4
M2 +M
√
1− 1
4
M ′2
)
≈ 0. Thus, the physically
interesting quadratic part of the Lagrangian density is
L(2) = isΩ˙ ·M+ Js2
∑
l′∈〈l〉
[
1− (Ω ·Ω′) + 1
2
(M ·M)
]
. (44)
7. Extended system: ferromagnetic regime
In the ferromagnetic regime, M = 2 so that Hll′ reduces to
Hll′ =
1
4
(Ω ·Ω′)(M ·M′)− 1
4
(M′ ·Ω)(M ·Ω′) = N ·N′. (45)
The Lagrangian density (per AF elementary cell) becomes, in this regime,
Lferro = 2isQ˙ ·N+ Js2
∑
l′∈〈l〉
(N ·N′), (46)
where Q˙ = N× Ω˙ and N = 1. If J > 0, this regime only occurs for negative temperatures.
8. System of four spins
The system we wish to consider now is a cluster of spins constituted by two antifer-
romagnetic cells such as is described by the Heisenberg Hamiltonian
H = J(Sa1 · Sb1 + Sa2 · Sb2 + Sa1 · Sb2 + Sa2 · Sb1). (47)
The geometrical arrangement of the spins in the cluster is a ring. Some of the formulae in
this section are special cases of those given in section 6 and are only explicitly presented
here for the sake of clarity. The classical Lagrangian corresponding to the Hamiltonian
(47) reads
L = s
−nb1 · (na1 × n˙a1)− na1 · (nb1 × n˙b1)
(1− na1 · nb1) + s
−nb2 · (na2 × n˙a2)− na2 · (nb2 × n˙b2)
(1− na2 · nb2)
− Js2(na1 · nb1 + na2 · nb2 + na1 · nb2 + na2 · nb1) (48)
If to each antiferromagnetic cell we associate the variables N ,Ω defined by eq. (24) we
obtain
na = N+Ω
√
1−N2 , nb = N−Ω
√
1−N2.
In terms of the new variables, the Lagrangian becomes
L = 2sN1 · (Ω1 × Ω˙1) + 2sN2 · (Ω2 × Ω˙2)
− Js2
(
2N21 + 2N
2
2 − 2 + 2N1 ·N2 − 2Ω1 ·Ω2
√
1−N21
√
1−N22
)
. (49)
To this Lagrangian it is necessary to add the subsidiary conditions
Ω21 − 1 = Ω22 − 1 = Ω1 ·N1 = Ω2 ·N2 = 0 .
For convenience, we have used here the variables N, Ω, instead of the variables M, Ω
used in in (43) for an extended antiferomagnet. However, it is clear that, for two AF
elementary cells, (43) and (49) are equivalent. In the AF regime, N1, N2 and |Ω1 − Ω2|
are small quantities which, in the classical limit, vanish for the ground state. The ground
state energy (AF regime) is −4Js2. On the other hand, in the ferromagnetic regime, we
have N1 = N2 = 1. The upper-state classical energy (ferromagnetic regime) is 4Js
2.
Low energy excitations (for which N1, N2 and |Ω1 −Ω2| are small) are described by
the quadratic Lagrangian
L(2) = 2sN1 · (Ω1 × Ω˙1) + 2sN2 · (Ω2 × Ω˙2)
− Js2 (3N21 + 3N22 + 2N1 ·N2 + (Ω1 −Ω2)2) (50)
It is convenient to consider the quantities
M1 = 2N1 ×Ω1, M2 = 2N2 ×Ω2
in terms of which we have
L(2) = sM1 · Ω˙1 + sM2 · Ω˙2 − J
4
s2
(
3M21 + 3M
2
2 + 2M1 ·M2 + 4(Ω1 −Ω2)2
)
=
s
2
(M1 +M2) · (Ω˙1 + Ω˙2) + s
2
(M1 −M2) · (Ω˙1 − Ω˙2)
− J
4
s2
(
2(M1 +M2)
2 + (M1 −M2)2 + 4(Ω1 −Ω2)2
)
. (51).
It follows that M1 +M2 is a constant of motion. In order to present its interpretation we
go back to (49), making Ω1 = Ω2 = Ω, N1 = N2 = N. This leads to the Lagrangian of a
rigid rotor
L′ = 4sN · (Ω× Ω˙)− Js2 (8N2 − 4)
= sMt · Ω˙− J
2
s2(M2t − 8).
Here, Mt = 4N×Ω.
We investigate now the energy spectrum. The Hamiltonian associated with the La-
grangian (51), namely
H = J
4
s2
(
3M21 + 3M
2
2 + 2M1 ·M2 + 4(Ω1 −Ω2)2
)
,
is the sum of a term describing a rigid rotor
J
2
s2(M2t − 8)
and another term describing a harmonic oscillator on a sphere,
Js2
((
M1 −M2
2
)2
+ (Ω1 −Ω2)2
)
,
which, for simplicity, we identify with a simple two dimensional harmonic oscillator. This
is, admittedly, a rather drastic approximation. It is then natural to assume that the energy
spectrum is given by
Ej,ν1,ν2 = J
(
−4s(s+ 1) + 1
2
j(j + 1)
)
+ 2Js(1 + ν1 + ν2). (52)
with j = 0, 1, · · · , 4s and ν1, ν2 = 0, 1, 2. The multiplicity associated with the quan-
tum number j is 2j + 1. For s = 12 , this expression predicts 4 energy levels, namely−2J ,−J , 0 , J .
The eigenvalues and eigenvectors of the hamiltonian (47) are easily obtained and are
shown in the Appendix. It is remarkable that the exact energy spectrum of (47) coincides
with the one predicted by (52). Unfortunately, the interpretation of the multiplicities is not
so straightforward. The multiplicities 1 , 3 , 7 , 5, determined by the exact diagonalization
of the Hamiltonian (47), may be understood as follows. The lowest energy level E = −2J ,
corresponds to j = ν1 = ν2 = 0. The second energy level, E = −J , corresponds either
to j = 1, or to (ν1 = 1 , ν2 = 0) or to (ν2 = 1 , ν1 = 0). The multiplicity 3 of this level
may be explained assuming that the oscillator level (ν1 = 1 , ν2 = 0) coincides with the
rotor level (j = 1 , m = 1) while the oscillator level (ν1 = 0 , ν2 = 1) coincides with the
rotor level (j = 1 , m = −1) . The third energy level E = 0, corresponds either to the
j = 1 rotor levels combined with one of the harmonic oscillator levels (ν1 = 1 , ν2 = 0),
or (ν1 = 0 , ν2 = 1), or to the rotor level j = 0 combined with (ν1 = 2 , ν2 = 0), or
(ν1 = 1 , ν2 = 1), or (ν1 = 0 , ν2 = 2). The multiplicity 7 of this level may be explained
assuming that the combination of (j = 1 , m = 1) with (ν1 = 1 , ν2 = 0) is equivalent to
the combintion of j = 0 with (ν1 = 2 , ν2 = 0) and the combination of (j = 1 , m = −1)
with (ν1 = 0 , ν2 = 2) is equivalent to the combintion of j = 0 with (ν1 = 0 , ν2 = 1). The
fourth and highest energy level E = J is simply made up of the 5 rotational states j = 2.
9. Concluding remarks
A simple derivation of an explicitly rotation invariant Lagrangian appropriate to a
path integral description of the dynamics of an AF spin system was presented. The scope
of the derived Lagrangian was analysed in the context of schematic models. In particular,
it was found that the properties of clusters of two and four spins are well accounted for
by the derived Lagrangian. It was shown that the Lagrangian obtained covers the whole
region from the AF to the ferromagnetic regimes.
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Appendix
For completeness, the eigenvalues and eigenvectors of the hamiltonian (47) are pre-
sented in the Appendix. They may be written
E = −2J ; |0〉 = 1
2
√
3
(2| ↑↓↑↓〉+ 2| ↓↑↓↑〉 − | ↓↑↑↓〉 ,−| ↑↓↓↑〉 − | ↑↑↓↓〉 − | ↓↓↑↑〉) ,
E = −J ; |1, 1〉 = 1
2
(| ↑↑↑↓〉+ | ↑↓↑↑〉 − | ↑↑↓↑〉 − | ↓↑↑↑〉) ,
|1, 2〉 = 1√
2
(| ↑↓↑↓〉 − | ↓↑↓↑〉) ,
|1, 3〉 = 1
2
(| ↓↓↓↑〉+ | ↓↑↓↓〉 − | ↓↓↑↓〉 − | ↑↓↓↓〉) ,
E = 0; |2, 1〉 = 1
2
(| ↑↑↑↓〉 − | ↑↓↑↑〉 − | ↑↑↓↑〉+ | ↓↑↑↑〉) ,
|2, 2〉 = 1
2
(| ↑↑↑↓〉 − | ↑↓↑↑〉+ | ↑↑↓↑〉 − | ↓↑↑↑〉) ,
|2, 3〉 = 1
2
(| ↓↑↑↓〉+ | ↓↓↑↑〉 − | ↑↑↓↓〉 − | ↑↓↓↑〉) ,
|2, 4〉 = 1
2
(| ↓↑↑↓〉 − | ↓↓↑↑〉+ | ↑↑↓↓〉 − | ↑↓↓↑〉) ,
|2, 5〉 = 1
2
(| ↓↑↑↓〉 − | ↓↓↑↑〉 − | ↑↑↓↓〉+ | ↑↓↓↑〉) ,
|2, 6〉 = 1
2
(| ↓↓↓↑〉 − | ↓↑↓↓〉 − | ↓↓↑↓〉+ | ↑↓↓↓〉) ,
|2, 7〉 = 1
2
(| ↓↓↓↑〉 − | ↓↑↓↓〉+ | ↓↓↑↓〉 − | ↑↓↓↓〉) ,
E = J ; |3, 1〉 = | ↑↑↑↑〉 ,
|3, 2〉 = 1
2
(| ↑↑↑↓〉+ | ↑↓↑↑〉+ | ↑↑↓↑〉+ | ↓↑↑↑〉) ,
|3, 3〉 = 1√
6
(| ↑↓↑↓〉+ | ↓↑↓↑〉+ | ↓↑↑↓〉+ | ↑↓↓↑〉+ | ↑↑↓↓〉+ | ↓↓↑↑〉) ,
|3, 4〉 = 1
2
(| ↓↓↓↑〉+ | ↓↑↓↓〉+ | ↓↓↑↓〉+ | ↑↓↓↓〉) ,
|3, 5〉 = | ↓↓↓↓〉 .
Here, |0〉 denotes the ground state vector and |i, j〉 denotes the state vector of the jth
member of the ith excited energy eigenspace. Otherwise an obvious notation is used.
